Artificial Intelligence Review (2025) 58:323
https://doi.org/10.1007/s10462-025-11322-7

®)

Check for
updates

Physics-informed neural networks for PDE problems: a
comprehensive review

Kuang Luo' - Jingshang Zhao' - Yingping Wang' - Jiayao Li' - Junjie Wen' -
Jiong Liang' - Henry Soekmadiji* - Shaolin Liao'2?

Accepted: 2 July 2025 / Published online: 24 July 2025
© The Author(s) 2025

Abstract

As Al for Science continues to grow, Physics-informed neural networks (PINNs) have
emerged as a transformative approach within the realm of scientific computing and deep
learning, offering a robust and flexible framework for solving partial differential equa-
tions (PDEs) and other complex physical systems. By embedding physical laws directly
into the architecture of neural networks, PINNs enable the integration of domain-specific
knowledge, ensuring that the models adhere to known physics while fitting available data.
In this paper, we provide a comprehensive overview of the state-of-the-art advancements
and applications of PINNs across a broad spectrum of PDE problems. In particular, focus
is given on the PINN architectures, data resampling methods for PINN, loss and activa-
tion functions, feature embedding methods and so on. What’s more, the potential future
directions and the anticipated evolution of PINNs are also discussed. We aim to provide
valuable insights into PINNs for PDE problems, with hope to encourage further explora-
tion and research in this promising area.
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1 Introduction

In recent decades, advancements in computer technology have profoundly transformed the
landscape of scientific research. Traditionally, researchers relied on theoretical deduction
and experimental verification to investigate natural phenomena. However, the emergence of
computational methods has introduced various numerical simulation techniques, enabling
researchers to gain deeper insights into complex real-world systems. These computer-based
approaches facilitate the exploration and analysis of intricate phenomena that were previ-
ously challenging to study using conventional methods. Consequently, computational simu-
lations have become essential tools in the scientific toolkit, enhancing our understanding
across diverse disciplines.

Differential equations (DE) play a crucial role in various scientific and engineering dis-
ciplines (Boussange et al. 2023; Mallikarjunaiah 2023; Namaki et al. 2023; Soldatenko and
Yusupov 2017; Rodkina and Kelly 2011) due to their ability to model complex phenomena
involving functions of multiple variables. Their importance stems from the fact that many
physical processes, such as heat conduction, fluid dynamics, and wave propagation, can be
described by PDEs, which capture the relationships between functions and their derivatives.
Depending on the number of independent variables, differential equations can be divided
into the following two categories (Taylor et al. 2023), Ordinary differential equation (ODE)
involves only one independent variable and its derivative,

du
- =0. 1
o T 0 (D

Partial differential equation (PDE) involves multiple independent variables and their partial
derivatives,

du 9%u

Different from algebraic equations, differential equations express the equational relation-
ship between unknown functions and their derivatives.

In practical applications, the solving of PDEs has gained immense importance in fields
such as aerospace engineering, where they are utilized to optimize aircraft designs and ana-
lyze airflow around structures. Additionally, in meteorology, PDEs play a crucial role in
weather prediction models, enabling accurate forecasts by simulating atmospheric dynam-
ics. The ability to effectively solve PDEs is fundamental to advancing technology and
improving predictive capabilities across various disciplines. The mathematical theory of
PDEs has developed significantly, leading to various methods for their analysis and solu-
tion. To solve some simplified partial differential equations, common operators can be used
(Melchers et al. 2023). At present, the more common methods for solving partial differential
equations are the Finite Element Method (FEM) (Liu et al. 2022; Chernyshenko and Olshan-
skii 2015), the Finite Volume Method (FVM) (Dick 2009), Particle-based methods (Onate
and Owen 2011), and the Finite Cell Method (FCM) (Kollmannsberger et al. 2019). FEM
has proven to be a convenient and accurate approach, utilizing extensive computational
resources (Innerberger and Praetorius 2023). However, the practicality of the multi-iteration
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solution is limited. To enhance the capability of PDE solving, researchers have explored the
use of spline functions (Kolman et al. 2017; Qin et al. 2019). Similarly, FEM discretizes and
numerically approximates the PDE solution, making the introduction of Fourier transforms
or Laplace transforms with higher efficiency in expressing PDEs more feasible (Mugler and
Scott 1988; El-Ajou 2021) (Fig. 1).

Recently, remarkable progress in deep learning has led to groundbreaking advance-
ments in various fields, such as computer vision and natural language processing. Addition-
ally, deep learning has had a profound impact on scientific computing. Physics-informed
machine learning (PIML) has emerged as an approach that combines traditional machine
learning techniques with domain-specific physical knowledge to solve complex scientific
and engineering problems. Unlike conventional machine learning methods that rely solely
on data, PIML integrates physical laws and constraints into the learning process, allowing
models to learn not only from data but also from known governing equations, boundary
conditions, and other physical principles. This hybrid approach enhances the model’s ability
to generalize, especially in scenarios where data is scarce, noisy, or incomplete. PIML has
played an increasingly crucial role across various fields, including optimization (Mowlavi
and Nabi 2023; Hwang et al. 2022; Zhang et al. 2022b), fluid (Cai et al. 2021; Di Leoni et al.
2023; Zhang et al. 2023; Ranade et al. 2021; Sun et al. 2020; Hanna et al. 2022), cybernet-
ics (Schiassi et al. 2022; Patel et al. 2023; Zheng et al. 2023; Faria et al. 2024), climate
(Li et al. 2024; Bonev et al. 2023), mechanics (Tripura and Chakraborty 2023; Wang et al.
2023; Diao et al. 2023; Le-Duc et al. 2024), physics (Pan et al. 2024; Liu et al. 2024a; Jeong
et al. 2024; Jo et al. 2024), quantum computing (Norambuena et al. 2024; Xiao et al. 2024;
Sedykh et al. 2024), etc.

Methods based on deep learning for solving PDE problems have been continuously stud-
ied since 1990 s (Dissanayake and Phan-Thien 1994; Lagaris et al. 1998; Kumar and Yadav
2011; Blechschmidt and Ernst 2021; Hafiz et al. 2024). Particularly, physics-informed neu-
ral networks (PINNs) have gained prominence as an efficient method for tackling both for-
ward and inverse PDE problems (Raissi et al. 2019). By integrating the governing PDEs into
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Fig. 1 Various applications of physics-informed machine learning
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the loss function, PINNs leverage automatic differentiation to guide the training process,
ensuring that the learned model adheres to physical laws. This mesh-free approach provides
significant flexibility, enabling PINNs to seamlessly incorporate physics-based constraints
alongside observational data within a single framework. This capability makes PINNs par-
ticularly advantageous in scenarios where traditional PDE solvers may struggle, such as
high-dimensional problems or those with complex geometries. Additionally, the ability to
fuse data with physical models enhances predictive accuracy and robustness, allowing for
more reliable simulations and solutions. As research continues, the versatility of PINNs is
likely to expand, further solidifying their role in solving challenging PDE problems across
various domains (Table 1).

1.1 Basics of physics-informed neural network (PINN)
1.1.1 Problem formulation

PINNSs are a class of machine learning methods that integrate domain-specific knowledge,
typically described by PDEs, into the neural network training process. The key idea behind
PINNS is to enforce the governing equations of a physical system as constraints during the
training of a neural network (Fig. 2).

In the context of solving a PDE-constrained optimization problem, the solution u(zx,t)
represents the the state variable, where @ denotes the spatial coordinates and ¢ represents
time. The associated PDE can typically be written as,

f (:c,t,au, 8u,>\> =0,z e€tel0,T],
ox

ot 3
u(xz,0)=h(x), z €, )
u(x,t) =g (x,t), x € 0Nt [0,T],
where 0 represents the differential operator, A = [A1, Ao, - - - , A,] represents the parameters

of the PDE, and f denotes the residual of the PDE. 2 and OS2 represent the solution domain
and its boundary, respectively. The initial condition is given by %(x), and the boundary con-
dition is g(z, t).

The neural network is utilized to approximate the solution u(x, t) by @ (z, t; @), where
6 denotes the neural network parameters. To incorporate this PDE into the neural network

Table 1 The notations used in Notations Description
the paper u The unknown solution to the PDE problem
x The spatial coordinate in the domain of the system
t The time variable, typically used in time-depen-
dent problems
A The parameters of the physical system governed
by the PDE
[ The neural network parameters
Q The domain of the physical system
Ly The residual loss
Ly The boundary condition loss
L; The initial condition loss
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/ PDE Loss
BC Loss > Loss
\

IC Loss

Fig.2 The framework of PINNs

training, we can define a loss function that consists of two terms, a data-driven term that
enforces the neural network to fit the available data, and a physics-informed term that
enforces the PDE constraints. The loss function can be formulated as,

L= ['physics + ['datan (4)
Here, LpLysics enforces the PDE constraints as follows,
['physics = lUfﬁf (07 7}) + U}bEb (07 777) + wz['z (0, 7:) ) (5)

with

1
Ly (O:77) = o7 S f @t A,

zr€Ty

1

x, €Tp

1 _
L;(6;T;) = | 7T: > i (w:,0,0) = ()|,

x; €T;

where wy, wy and w; are the weights; Ty, Ty, 7; are the sets of samples inside the domain,
on the boundary conditions, and on the initial conditions, respectively. L£qat, measures the
error between the predicted and observed data,

1 - 2
Lawa = 7 D li(wa i) —uea )l R
za€Ta
where {u (x4,t)},, <, represents the known observational data. By minimizing this com-

bined loss function using techniques like gradient descent, PINNs can learn the underlying
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physics of a system directly from data, making them powerful tools for solving inverse
problems and discovering hidden patterns in complex physical systems.

1.1.2 Performance evaluation for PINN

The evaluation of PINN involves several critical metrics that assess both the accuracy of
the solution and the degree to which the network adheres to the underlying physical prin-
ciples embedded in the governing equations. These metrics are essential for determining the
effectiveness of PINN in solving complex PDEs while ensuring that the solutions maintain
physical consistency and adhere to boundary and initial conditions. Below, we elaborate on
the key evaluation metrics commonly used in assessing the performance of PINN.

e [? relative error
The L? relative error measures the relative error in a vector space. Mathematically, the
L? relative error between the PINN prediction 7 (x, t; @) and the true solution u (x, )
can be expressed as follows,

@ (z,t;0) — u (2, )|l

L2error =
l[u (2, 1)l
\/Zz LN (@isti;0) — u (@i, t 7)‘2 ®)
P )
Zi:l |u (wivti”
where || - ||2 denotes the L2 norm.

e Root mean square error (RMSE) RMSE serves as a critical metric for quantifying
the dispersion of prediction errors. It is a commonly used metric in regression and ma-
chine learning models to evaluate the accuracy of predictions. Mathematically, RMSE
is defined as,

N
RMSE = Z iz, ti;0) — u(zi, t;)]? ©)

o PDE residual The PDE residual measures the extent to which the predicted solution
satisfies the PDE. It represents how much the model’s solution deviates from satisfying
the governing equation at a given point in space and time. Mathematically, for a general
PDE of the form £ (u(x,t)) = f(«,t), where L is the differential operator and f(x, t)
is the source term of PDE. The PDE residual is represent as follows,

n

PDE residual = 1 Z (L (a(x;,t:;0)) — f(mivti))2 . (10)

n .
i=1
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1.2 Paper organization and contributions

The remainder of this paper is structured as follows. Section 2 provides a comprehensive
analysis of the existing literature on PINN-based PDE solvers. Sections 3 shows the appli-
cations of PINNs and Sect. 4 introduces the current tools and codes openly for carrying out
PINNS . Section 5 discusses the challenges and some possible future directions in the field.
Finally, Sect. 6 concludes the paper.

This review aims to provide a comprehensive overview of PINNs, highlighting their
theoretical foundations, applications, and advancements. The primary contributions of this
work are as follows,

o Introduction to PINN The paper offers a clear introduction to the fundamental prin-
ciples of PINNs, explaining how they integrate deep learning techniques with physical
laws to solve PDE problems.

e Discussion of key methodologies The review delves into the various methodologies
in PINNSs, including the architectures, adaptive data resampling methods, loss function
designs, feature embedding, etc.

e Review of applications The paper surveys the diverse applications of PINNs across
multiple domains, such as fluid dynamics, material science, and biology, demonstrating
their versatility in addressing real-world challenges.

o Recent advancements The paper summarizes recent advancements in PINN research,
including improvements in computational accuracy and efficiency, generalization capa-
bilities.

o Emerging paradigms and future directions The integration of PINNs with emerging
paradigms like operator learning is highlighted. Additionally, the paper discusses the
current challenges faced by PINNs and propose potential directions for future research
to enhance their applicability and performance.

2 PINN solver for PDE problems

As early as the twentieth century, some researchers began exploring the application of
machine learning methods to solve PDEs. The concept was to exploit the strong approxi-
mation capabilities of neural networks, using time and spatial locations as inputs. Through
the network’s mapping, the solution to the PDE could ultimately be obtained. In 1994, Dis-
sanayake and Phan-Thien (1994) were the pioneers in employing a neural network-based
approach for solving PDEs. They utilized the “universal approximator” property of neural
networks and, through the collocation method, converted the numerical problem of solving
PDE:s into an unconstrained minimization problem.

Subsequently, Lagaris et al. (1998) introduced an artificial neural network model for
solving PDEs with various boundary conditions. This approach showed significant potential
in terms of solution accuracy, generalization ability, and the number of parameters needed.
Monterola and Saloma (2003) introduced an unsupervised neural network-based method for
solving the nonlinear Schrodinger equation and provided an upper bound estimate for the
error. Aarts and van der Veer (2001) developed neural networks with a specific structure that
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integrated the knowledge of PDEs along with their boundary and initial conditions, while
simultaneously training multiple neural networks.

However, these early methods were limited by the constraints of neural network struc-
tures and algorithms, which significantly hindered their ability to handle more complex
problems.

In recent years, with the rapid development of artificial intelligence technology, high-
performance computing hardware such as GPUs and TPUs have emerged, and deep learning
frameworks like TensorFlow (Abadi et al. 2016) and PyTorch (Paszke et al. 2019) have been
launched and continuously improved. The application of deep learning in solving PDEs
has made further progress. In 2019, Raissi et al. (2019) proposed the PINN model, which
pioneered a new paradigm for solving PDEs using neural networks. By integrating the PDE
and its initial and boundary conditions into the loss function of the neural network, and
using automatic differentiation and backpropagation to guide the training process, the model
can seamlessly combine physics-based constraints with observational data within a unified
framework.

Figure 3 illustrates the timeline of neural network-based methods for solving PDEs. It
provides a clear and concise visual representation of the evolution of these methods, empha-
sizing the central and transformative role that neural networks now play in modern PDE
solving approaches. The timeline highlights the progressive integration of neural networks,
demonstrating their growing influence and effectiveness in addressing the complexities of
PDEs (Table 2).

2.1 Architectures for PINN

Various architectures tailored to address specific challenges have emerged in PINNs. These
different PINN architectures represent innovative adaptations of traditional neural network
structures, specifically designed to enhance performance in solving PDE problems. This
section explores and compares various PINN architectures, highlighting their unique design
principles, computational efficiencies, and applicability across diverse domains. The main
architectures covered in PINNs mainly include Multi-layer perceptron (MLP) (Hornik et al.
1989), Convolutional neural networks (CNN) (Krizhevsky et al. 2012; Gu et al. 2018),
Recurrent neural networks (RNN) (Giles et al. 1994; Schuster and Paliwal 1997), and oth-
ers such as Generative adversarial networks (GAN) (Goodfellow et al. 2014), Transformer
(Vaswani et al. 2017).

Dissanayake et al. Raissi et al. XPINN, cPINN, PINN + Transformer, KAN
Shadow neural network PINN PhyCRNet PirateNets, NAS-PINN
—e | L L @ @
1994 2017 2019 2022 2025
RAR, gPINN, RAD, R3-sampling,
IbPINN DAS-PINNs, DMIS,
LA-PINN

Fig. 3 The timeline of neural network based methods for solving PDEs
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Table 2 An overview of PINN
solver for PDE problems

Method

Representatives

Architectures for
PINN

Adaptive data
resampling

Loss functions
for PINN

Feature em-
bedding and
augmentation

MLP vanilla PINN (Raissi et al.

2019; He et al. 2020)

PhyGeoNet (Gao et al.
2021; Fang 2022),
Spline-PINN (Wandel et al.
2022), PICNN (Lei et al.
2023),

f-PICNN (Yuan et al. 2024)
PhyCRNet (Ren et al. 2022;
Mavi et al. 2023)

PI-GANS (Yang et al. 2020;
Gao and Ng 2022)

Wang et al. (2024c), Shukla
et al. (2024), Rigas et al.
(2024)

PIT (Santos et al. 2023),
PINNsFormer (Zhao et al.
2024),

Transolver (Wu et al. 2024)
NAS-PINN (Wang and
Zhong 2024), SPINN (Cho
et al. 2022), sparabreak Pi-
rateNets (Wang et al. 2024b)
XPINNs (Karniadakis and
Em 2020), cPINNs (Jagtap
et al. 2020a),

(Wu et al. 2022)

Jagtap et al. (2020b), PIKF-
NNs (Fu et al. 2024),

PAFs (Abbasi and Andersen
2024; Zeng et al. 2022)
RAR (Lu et al. 2021b; Nabian et al. 2021),
RAR-D (Wu et al. 2023), R3 sampling (Daw
etal. 2023)

DAS-PINNSs (Tang et al. 2023), DMIS (Yang

et al. 2023), GAS (Jiao et al. 2024)

PINNACLE (Lau et al. 2024), AAS (Tang et al.
2024)

Loss reweighting

CNN

RNN
GAN

KAN

Transformer

Other architec-
tures for PINN

Domain
decomposition

Activation func-
tions for PINN

Wang et al. (2021c, 2022a),
IbPINNSs (Xiang et al. 2022)
SelectNet (Gu et al. 2021),
SA-PINNs (McClenny and
Braga-Neto 2023),
LA-PINN (Song et al. 2024)
Novel loss gPINNs (Yu et al. 2022;
functions Wang et al. 2022b, 2024a,d)
Wang et al. (2021a), Li et al. (2024a, 2024c)
PD-PINN (Peng et al. 2020), sf-PINN (Wong

et al. 2024), DaPINN (Guan et al. 2023)
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2.1.1 Multilayer perceptron (MLP)

The multilayer perceptron (MLP) (Hornik et al. 1989) is a fundamental architecture within
artificial neural networks, consisting of layers of interconnected neurons that can approxi-
mate complex non-linear functions by adjusting weights iteratively and using activation
functions. At the core of its theoretical foundation lies the Universal Approximation Theo-
rem (Cybenko 1989; Chen and Chen 1995), which states that a single hidden layer MLP can
approximate any continuous function with suitable activation functions and a finite number
of neurons. The input to the MLP consists of a vector  representing the input features (Fig.
4). Each element of @ corresponds to a feature of the input data. For each hidden layer /,
where [ =1,2,..., L, compute:

20 = wgl=1 4 p0.

11
a® = ¢® (20, (D

where the weight matrix W and the bias vector b are parameters and o () is the non-linear
activation function. The output layer computes the final prediction vector,

y = WD gl 4 plt1) (12)

The characteristics of the fully connected feed-forward networks (FNN) architecture, also
known as MLP, such as the number of layers and neurons per layer, are typically determined
empirically for different PDE problems. In the vanilla PINN (Raissi et al. 2019), different
typologies of FNN are ultilized, for example, a 5 layer FNN with 100 neurons per layer
for the Schrodinger equation, a 4 layer FNN and 200 neurons per layer for the Allen—Cahn
equation. In He et al. (2020), the effect of neural network size on prediction accuracy is
investigated. It indicates that employing excessively small or large sizes for PINNs can lead

Input Layer 1 Layer 2 Layer L Qutput
X" 2 - —> Vi
X2 TR —_— y2
X3 ceaans — Y3
Xy cereas —> Yu

Input L Y ' Output

Layer Hidden Layers Layer

Fig.4 The framework of MLP

@ Springer



Physics-informed neural networks for PDE problems: a comprehensive... Page 11 of 43 323

to diminished performance. The theoretical analysis of how the size of neural networks in
PINN affects performance across various problems remains unexplored due to their black-
box nature. Addressing this question is crucial yet challenging.

2.1.2 Convolutional neural networks (CNN)

The convolutional neural network (CNN) (Li et al. 2022) is a deep learning model specifi-
cally designed to handle data with a grid-like topology, particularly image data. The core
of CNNs lies in the use of convolutional layers and pooling layers to extract and com-
press features, making them highly effective in tasks such as image classification, object
detection, and image segmentation. Convolutional layers extract local features through the
convolution operation (i.e., applying a set of learnable filters), while pooling layers reduce
the spatial dimensions of the feature maps via down-sampling operations, thereby reduc-
ing computational complexity and preventing overfitting. The success of CNNss is largely
attributed to their ability to automatically learn hierarchical features in images, ranging from
low-level features (such as edges) to high-level features (such as parts of objects).

The convolution operation involves sliding a learnable filter (or kernel) over the input
data and computing the dot product between the filter and the input data, described as
follows,

M= (I+K)(i,j) =YY I(i+m,j+n) K(m,n) (13)

where / is the input image, K is the convolution kernel, M is the output feature map, and
denotes the convolution operation. Then the pooling layer reduces the spatial dimensions of
the feature maps, lowering computational complexity and preventing overfitting,

PG, j) = jmax max M(s-i+m,s-j+n) (14)
where P is the pooled output, M is the feature map, p is the pooling window size, and s is
the stride.

Many researchers have explored the integration of CNN architecture into PINNs. Gao
etal. (2021) proposed PhyGeoNet, a physics-informed, geometry-adaptive CNN for solving
parameterized steady-state PDEs on irregular domains. It uses elliptic coordinate mapping to
transform irregular geometries into regular ones, enabling the application of standard CNN
architectures. PhyGeoNet can learn solutions without labeled data on Heat, Navier—Stokes,
and Poisson equations. In Fang (2022), a high-efficient hybrid PINN for solving PDEs is
introduced. It combines ideas from CNNs and finite volume methods, using a local fitting
method to approximate the differential operator instead of automatic differentiation. Numer-
ical experiments validate its correctness and efficiency, showing significant advantages over
conventional PINNs in both computational time and accuracy. Wandel et al. (2022) intro-
duced Spline-PINN, which combines the benefits of PINNs and CNNs using Hermite spline
kernels. It enables continuous interpolation of grid-based representations suitable for CNNs,
allowing training without precomputed data using a physics-informed loss. Spline-PINN
offers fast, accurate solutions that generalize to unseen domains, as demonstrated with the
Navier-Stokes and damped wave equations. Lei et al. (2023) proposed a physics-informed
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CNN (PICNN) specifically designed for solving PDEs on the sphere. Building on recent
advancements in deep learning and spherical harmonic analysis, the authors establish rig-
orous theoretical bounds for the approximation error of PICNNs in Sobolev norms. They
develop a novel localization complexity analysis to demonstrate fast convergence rates for
PICNNSs. The numerical experiments highlights the PICNN’s effectiveness in solving PDEs
on spherical domains. In Yuan et al. (2024), a CNN based f-PICNN is designed for solving
PDE:s in space-time domains. Leveraging a stack of nonlinear convolutional units and a
memory mechanism, f-PICNN can handle PDEs with nonlinearity, drastic gradients, and
multiscale characteristics. The network is unsupervised and does not require labeled data.
The efficacy of f-PICNN is demonstrated in various benchmark PDEs, showcasing its capa-
bility to accurately approximate solutions (Fig. 5).

2.1.3 Recurrent neural networks (RNN)

Recurrent Neural Networks (RNNs) (Lipton et al. 2015) are designed for processing
sequential data and are characterized by their recurrent connections, which capture temporal
dependencies in the data. RNNs share weights across time steps and introduce hidden states,
enabling the network to remember and utilize past information. This architecture excels in
tasks such as time series prediction, language modeling, and sequence labeling. The theo-
retical foundation of RNNs includes their recursive nature, allowing information to propa-
gate through the sequence. Despite facing challenges like vanishing and exploding gradients
during training on long sequences, RNNs and their variants [such as LSTM (Hochreiter and
Schmidhuber 1997; Yu et al. 2019) and GRU (Chung et al. 2014)] have made significant
progress in addressing these issues.

The basic structure of an RNN consists of an input layer, a hidden layer, and an output
layer, with recurrent connections in the hidden layer. These recurrent connections allow the

Fig.5 The neural network architecture of the f-PICNN (Yuan et al. 2024) for time-dependent PDEs, with
Nonlinear Convolutional Units (NCUs)
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hidden state to be updated based on the current input and the hidden state from the previous
time step. The hidden state update formula is as follows,

hi = f(Wanze + Whphe—1 + bp), (15)

where h; is the hidden state at time step ¢, x; is the input at time step ¢, W, is the weight
matrix from input to hidden layer, W}, is the weight matrix from hidden layer to hidden
layer, by, is the bias of the hidden layer, and f is the activation function, typically tanh or
ReLU. The output calculation can be formulated as

Y = g(Whyhe + by), (16)

where y; is the output at time step ¢ W, is the weight matrix from hidden layer to output
layer b, is the bias of the output layer g is the activation function (Fig. 6).

Ren et al. (2022) proposed PhyCRNet, a novel physics-informed convolutional-recurrent
learning architecture designed to solve spatiotemporal PDEs without requiring labeled data.
PhyCRNet utilizes an encoder-decoder convolutional LSTM network for efficient spatial
feature extraction and temporal evolution. The proposed PhyCRNet is evaluated on various
benchmark problems, demonstrating its ability to accurately solve PDEs and outperforms
existing PINN approaches. Mavi et al. (2023) proposed an unsupervised CNN-LSTM archi-
tecture with nonlocal interactions for solving PDEs. The network evaluates derivatives of
the field variable by utilizing the nonlocal peridynamic differential operator (PDDO) as
a convolutional filter. The architecture captures time dynamics in a reduced latent space
through encoder-decoder layers with a Convolutional LSTM layer in between. The physics
is enforced at the network’s output and in the latent space. Benchmark PDEs demonstrate
the training performance and extrapolation capability of this novel architecture.

BC Encoding ul L,l2 7‘ ....... — uT
U & o
Conv Conv Conv g
[}
o
Upsample Upsample Upsample 5
G| G| Cra "
ConvLSTM . ConvlST™ L . ConvlsT™ 2
4 hy A h, hry =
Conv Conv Conv
m
=3
(=}
Conv Conv Conv S
o
Conv Conv Conv
L f I | L ....... L f

Fig.6 The framework of PhyCRNet (Ren et al. 2022)
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2.1.4 Generative adversarial networks (GAN)

GAN:Ss are a class of deep generative models designed to generate new, synthetic data sam-
ples that resemble a given set of real data. The architecture consists of two neural networks:
a generator and a discriminator, which are trained simultaneously through adversarial pro-
cesses. The generator creates data samples with the aim of deceiving the discriminator
into believing that these samples are real, while the discriminator’s goal is to distinguish
between real and synthetic samples. This competitive framework fosters the generation of
increasingly realistic data (Creswell et al. 2018).

The GAN framework has been integrated into PINNs in some works. Yang et al. (2020)
proposed physics-informed GANs (PI-GANs) for solving forward, inverse, and mixed sto-
chastic problems based on limited scattered measurements. PI-GANs encode physical laws
in the form of stochastic differential equations (SDEs). Three generators are used for the PI-
GANSs and demonstrates good approximation of stochastic processes even with mismatches
between the input noise and the effective dimensionality of the target processes. Gao and Ng
(2022) examines a physics-informed approach for applying Wasserstein Generative Adver-
sarial Networks (WGANS) to quantify uncertainties in the solutions of PDEs. Utilizing
groupsort activation functions within the adversarial network’s discriminators, the method
employs network generators to learn the uncertainties present in the solutions of PDEs
based on initial/boundary data. Theoretical findings indicate that, under mild conditions, the
generalization error of the computed generator tends towards the network’s approximation
error with high probability given a sufficient number of samples. Numerical experiments
have validate these theoretical insights, demonstrating the capability of the proposed model
to detect uncertainties and approximate exact solutions even when noise is predominant.

2.1.5 Kolmogorov-Arnold networks (KAN)

Kolmogorov—Arnold Networks (KAN) (Liu et al. 2024b) build upon the Kolmogorov—
Arnold Representation Theorem (KART). This theorem stipulates that any continuous
function of multiple variables can be decomposed into a finite composition of univariate
continuous functions plus addition operations. Accordingly, KAN models high-dimensional
functions as a sum of univariate functions. By including learnable edge activation func-
tions (i.e., weights), KAN boosts interpretability and accuracy. In mathematical terms, for a
smooth function f : [0,1]" — R, one can write:

2" 41 n
f =3 <I>q( ¢>q,p<xp>),
p=1

q=1

where x = (21, ...,2,) denotes the input vector, and ®, and ¢, , represent univariate
functions.

In contrast, the widely adopted MLP employs the Universal Approximation Theorem
(UAT) as its theoretical basis, typically placing activation functions at the neurons (i.e.,
nodes). Each neuron then receives inputs and produces outputs via an activation function
such as ReLU, Sigmoid, or Tanh. Symbolically, an MLP might be expressed as:
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MLP(x) = (WL o(Wi_1...0(Wix+by)...) +bL),

where W; and b; are the weight matrix and bias of layer [, respectively, and ¢ is the activa-
tion function. This node-centric scheme is often considered opaque, since the internal work-
ings are not straightforward to interpret.

KAN, on the other hand, locates its activation functions on network edges rather than
nodes. Consequently, each individual input passes through a learnable univariate mapping
(e.g., a B-spline function) and these outputs are subsequently combined by addition nodes.
A general KAN can be written as:

KAN(x) = (®_10...0P1 0 Pg)(x),
where ®; represents the transformation in layer /. Specifically,
Xl+1 = [¢l,1,1(xl)7 sy ¢l,nl+1,nl (Xl)] s

with each ¢ ;; denoting the univariate activation from node 7 to node j at layer [. This
structure promotes transparency, enabling researchers to observe how univariate functions
are configured and how data flows through the network.

Since their decomposition of high-dimensional tasks into smaller univariate pieces,
KANs are well-suited for complex, nonlinear PDE problems. Compared to traditional
MLPs, KANs permit clearer visualization of their internal function compositions, making it
easier to refine specific parts of the model for improved PDE solutions. Additionally, KAN
can derive symbolic formulas from its learned representations, aiding the validation of ana-
Iytical PDE solutions. As a result, KAN is not just a problem-solving framework but also a
valuable tool for theoretical insights and educational purposes.

Recently, some PINN architectures based on KAN have been proposed, demonstrating
significant potential. Wang et al. (2024c) proposed Kolmogorov—Arnold-Informed Neural
Network (KINN). Through systematic numerical experiments, it demonstrates KINN’s
superior performance over MLP-based PINNs in terms of accuracy and convergence speed
for a variety of PDEs, including those involving multi-scale, singularity, stress concentra-
tion, nonlinear hyperelasticity, and heterogeneous properties. The authors also highlight
the potential of KINN in handling complex geometries and propose future research direc-
tions, such as incorporating mesh adaptation techniques from finite element methods to
enhance KINN’s capabilities. It underscores the potential of KANSs to revolutionize Al for
PDEs. Shukla et al. (2024) introduces a modified version of KANs, known as Chebyshev
KANSs, which are compared against the conventional MLPs in terms of accuracy, efficiency,
and robustness. The study systematically evaluates these models on various benchmarks,
including forward and inverse problems in computational physics. The results indicate
that while the original KANs based on B-splines struggle with accuracy and efficiency,
the modified Chebyshev KANs demonstrate comparable performance to MLPs, albeit with
potential divergence issues under certain conditions. The paper further explores the learning
dynamics of these models through the lens of the Information Bottleneck theory, revealing
insights into their training processes. In Rigas et al. (2024), an adaptive training scheme for
Physics-informed Kolmogorov-Arnold networks is proposed, which includes techniques
such as residual-based attention (RBA), adaptive resampling of collocation points, and an
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adaptive state transition method to mitigate the challenges associated with grid updates in
KANS. Through comparative experiments on various PDEs, the study demonstrates that
PIKANSs significantly outperform traditional MLP-based PINNs in terms of accuracy and
convergence speed, particularly for problems involving multi-scale dynamics, singularities,
and heterogeneous materials.

2.1.6 Transformer

Transformer (Vaswani et al. 2017) architecture represents a significant breakthrough in
NLP, replacing RNNs by enabling the parallel processing of input sequences through self-
attention mechanisms. This innovation has been essential in addressing long-range depen-
dencies efficiently, overcoming the computational limitations inherent in sequential models.
Central to the Transformer is the self-attention module, which allows each position in the
sequence to attend to all other positions in the previous layer, facilitating the capture of
global context within a single operation. The model follows an encoder—decoder structure,
utilizing stacked layers of self-attention and feed-forward networks. The encoder handles
the context of the input sequence, while the decoder leverages this context to produce
the output sequence. Positional encodings are integrated to convey information about the
sequence order. Transformers have played a pivotal role in the development of models such
as BERT, GPT, and T5, which have set new standards in tasks like machine translation, text
summarization, and question answering. These advancements underscore the transforma-
tive influence of the Transformer architecture in reshaping modern NLP.

Santos et al. (2023) introduces the Physical Information Transformer (PIT) model, which
is based on Transformer architecture for learning solution operators of PDEs. PIT leverages
the attention mechanism to capture the relationship between initial conditions and query
points, improving the model’s generalization capabilities. It maintains invariance when han-
dling the discretization of both input and query domains while enabling interaction through
cross-attention blocks. Compared to the established physics-based DeepONet (Lu et al.
2021a), PIT shows significant improvements in multiple aspects, demonstrating effective
performance in high-dimensional problems even with limited training resources. PIT also
offers flexibility in adjusting the number of query and input samples per training instance
and discretizing input functions—features not supported by other operator learning models,
such as DeepONet. In contrast to operator learning in PINN networks, PIT addresses the
issue of poor performance in existing solutions and eliminates the need for assumptions
about initial and boundary conditions. The Transformer-based architecture comprises an
encoder and decoder. To reduce the automatic partitioning cost associated with PINN loss,
PIT avoids self-attention on query and input points. The author also compared PIT with the
traditional physics-based DeepONet and an improved model by Wang et al. (2021c¢). These
models were tested on the one-dimensional Burgers equation and the two-dimensional heat
equation. The results show that while the computational cost of PIT is similar to DeepONet,
its solving performance is significantly improved (Fig. 7).

Additionally, Zhao et al. (2024) proposes PINNsFormer, a Transformer-based architec-
ture that captures temporal dependencies using multi-head attention mechanisms, enhanc-
ing the generalization and accuracy of PDE solutions. PINNsFormer transforms point-wise
inputs into pseudo sequences, enabling the model to learn temporal dependencies and more
effectively propagate initial condition constraints. A key innovation is the introduction of
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Fig. 7 Framework of PINNsFormer (Zhao et al. 2024)

a new activation function, Wavelet, which anticipates Fourier decomposition in deep neu-
ral networks, improving approximation capabilities. The framework also supports various
learning schemes, such as Neural Tangent Kernel (NTK), to further enhance performance.
Empirical results show that PINNsFormer outperforms conventional PINNs in generaliza-
tion and accuracy, particularly in scenarios where traditional models fail. It demonstrates
significant improvements in prediction accuracy for out-of-distribution data and high-
dimensional PDEs. Notably, PINNsFormer reduces the total loss term, indicating more effi-
cient optimization. A loss landscape analysis reveals a smoother landscape with fewer local
minima, suggesting easier convergence to the global minimum. Wu et al. (2024) introduces
Transolver, a model designed to solve PDEs on complex geometries with high efficiency
and accuracy. Leveraging Transformer architecture, Transolver incorporates PhysicsAtten-
tion, an adaptive mechanism that segments the discretized domain into learnable slices.
These slices group mesh points with similar physical states, enabling the model to cap-
ture complex physical correlations with linear computational complexity. The architecture
replaces standard attention with PhysicsAttention, processing physics-aware tokens that
encode interactions within the discretized domain. Extensive experiments across six bench-
marks and large-scale industrial simulations confirm Transolver’s consistent state-of-the-art
performance, with a 22% relative gain. Its efficiency, scalability, and out-of-distribution
generalizability are validated through rigorous testing, demonstrating its potential for real-
world applications, including weather forecasting, industrial design, and material analysis.

2.1.7 Other architectures for PINN

In addition to the neural network frameworks discussed above, various novel PINN archi-
tectures have been developed (Fig. 8).

Neural architecture search (NAS) has been leveraged to optimize PINNs. For example,
Wang et al. (2022c¢) introduces Auto-PINN, a systematic and automated approach for opti-
mizing the hyperparameters of PINNs. Auto-PINN employs Neural Architecture Search
(NAS) techniques to avoid manual or exhaustive searches of the hyperparameter space asso-
ciated with PINNs. Through a series of pre-experiments using standard PDE benchmarks,
they explore the structure-performance relationship in PINNs. They find that different hyper-
parameters can be decoupled, and the training loss function of PINNSs serves as an effective
search objective. In Wang and Zhong (2024), a novel framework NAS-PINN is proposed,
which also leverages NAS to optimize the design of PINNs. By relaxing the search space
into a continuous domain and utilizing masks to enable tensor additions of different shapes,
NAS-PINN employs a bi-level optimization process. The inner loop optimizes the weights
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Fig. 8 Framework of PINN with Neural architecture search (NAS-PINN) (Wang and Zhong 2024)

and biases of the neural network, while the outer loop updates the architecture parameters.
This approach automates the selection of the optimal neural network architecture, enhanc-
ing the efficiency and accuracy of PINNs. Through extensive experiments, it demonstrates
that NAS-PINN achieves superior performance compared to manually designed architec-
tures, particularly in handling complex and irregular domains.

Moreover, Cho et al. (2022) introduces Separable PINNs (SPINNs), an innovative archi-
tecture aimed at mitigating the curse of dimensionality encountered when solving PDEs.
SPINNs leverage forward-mode automatic differentiation to significantly reduce compu-
tational overhead, processing inputs on an axis-by-axis basis rather than point-wise. This
approach decreases the number of required network forward passes, making computation
and memory costs grow more gradually with grid resolution, thereby enhancing scalabil-
ity. Experimental results demonstrate that SPINNs substantially reduce training run-times
while achieving comparable accuracy to standard PINNs across various PDE systems. This
advancement positions SPINNs as a promising solution for efficiently tackling high-dimen-
sional PDE problems. Wang et al. (2024b) proposes a novel PINN architecture PirateNets,
designed to improve the training stability and efficiency. PirateNets utilize adaptive residual
connections, enabling the network to start as a shallow model and progressively deepen dur-
ing training. This innovative approach mitigates the issues associated with traditional MLPs,
which often struggle with derivative trainability and unstable minimization of PDE residual
loss. The adaptive initialization scheme allows the network to encode suitable inductive
biases specific to the underlying PDE system, thereby improving model performance.

2.1.8 Domain decomposition

Domain Decomposition is a technique used to divide a complex solution domain into mul-
tiple smaller subdomains to improve computational efficiency and solution accuracy. Its
application in PINNs is particularly suitable for handling large-scale and complex prob-
lems. By decomposing the entire solution domain into several subdomains, problems can be
solved independently in each subdomain, and parallel computing can speed up the solution
process. Interface conditions are introduced between adjacent subdomains to ensure the
continuity and consistency of the solution. The domain decomposition methods can flexibly
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adapt to complex geometries and boundary conditions, making PINNs more versatile and
efficient. It is a promising approach for solving complex PDE problems (Fig. 9).

Next, we will introduce some key formulas for domain decomposition methods. The
entire solution domain € is divided into /N subdomains §2;,

a={Jo (7)

The physical equations are solved within each subdomain €2,

where F; represents the physical equations in subdomain €2;, and u; is the solution in sub-
domain €,. The interface conditions between adjacent subdomains are introduced to ensure
the continuity and consistency of the solution. Let I';; be the interface between subdomains
€2; and €, the interface condition is defined as,

u; =u; on I (19)

Then the composite loss function is as follows,

N
L= Z [';hySiCS + Z [':;Ijlterface’ (20)
i=1 i#j

i

physics is computed within each subdomain, and the interface loss

where the physical loss £
cy

interface 18 computed on the interfaces between adjacent subdomains.
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Fig. 9 Domain decomposition methods (Wu et al. 2022) in PINNs
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In Karniadakis and Em (2020), Extended PINNs (XPINNSs), a generalized space-time
domain decomposition approach for solving nonlinear PDEs on complex-geometry domains
is proposed. XPINNs can be applied to any type of PDE and allow for arbitrary domain
decomposition in both space and time, facilitating efficient parallel computation. Within
each subdomain, a separate neural network is deployed with optimally selected hyperpa-
rameters. This enables the use of deeper networks in subdomains with complex solutions
and shallower networks in simpler regions. Jagtap et al. (2020a) proposed Conservative
PINNs (cPINNs) on discrete domains for solving nonlinear conservation laws. It divides the
computational domain into discrete subdomains and applies PINNs within each subdomain
while enforcing flux continuity across interfaces to ensure global conservation. The cPINN
framework provides additional flexibility in choosing optimization algorithms and training
parameters, such as the number and placement of residual points, activation functions, and
network widths and depths. Similarly, Wu et al. (2022) proposed an improved deep neural
network method based on domain decomposition. It can address the limitations of PINNs
in handling large-scale complex problems due to the use of a single neural network and
gradient pathology.

2.1.9 Activation functions for PINN

Nonlinear activation functions are essential in PINNs as they enable the network to learn
and represent the complex, nonlinear relationships inherent in PDEs. Common choices
include the hyperbolic tangent (tanh), sigmoid. More recent studies have explored special-
ized activations such as sinusoidal (sin) functions.

Various novel activation functions have been developed for PINNs. For example, Jagtap
et al. (2020b) introduces an adaptive activation function with a scalable hyper-parameter
for PINNs, which is dynamically adjusted during training, thereby optimizing the network’s
topology and significantly improving convergence rates and solution accuracy. The empiri-
cal results demonstrate that the adaptive activation function outperforms traditional fixed
activation functions, especially in early training phases. The paper also provides a theoreti-
cal proof that gradient descent algorithms utilizing the proposed method are not attracted
to suboptimal critical points or local minima. Fu et al. (2024) introduces Physics-Informed
Kernel Function Neural Networks (PIKFNNs), designed to solve a variety of linear and
specific nonlinear PDEs. PIKFNNs employ a one-hidden-layer shallow neural network
structure with physics-informed kernel functions (PIKFs) as custom activation functions.
These PIKFs incorporate PDE information, such as fundamental solutions, Green’s func-
tions, harmonic functions, and solutions to simplified linear PDEs, enhancing the network’s
ability to accurately approximate complex solutions. It demonstrates that PIKFNNs offer
significant improvements in accuracy and efficiency over traditional PINNs, particularly in
handling irregular domains and complex geometries. Abbasi and Andersen (2024) proposes
Physical Activation Functions (PAFs), which are derived from the mathematical expres-
sions inherent in the physical systems under study, rather than relying solely on standard
activation functions like tanh or sigmoid. PAFs can be integrated into neural networks in
an explicit or self-adaptive manner, with the latter allowing for automatic determination of
the relative impact of PAFs for each neuron. The study demonstrates that PAFs significantly
improve the accuracy of PINN predictions, particularly for out-of-training data, and reduce
the network size by up to 75% while maintaining accuracy.
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Moreover, Zeng et al. (2022) introduces innovative adaptive techniques to enhance the
computational performance of deep neural networks (DNNs) in solving high-dimensional
PDEs. The authors propose three key strategies: adaptive loss functions, adaptive activation
functions, and adaptive sampling. These methods are designed to improve the accuracy
and convergence speed of DNNs without increasing the network complexity. The adaptive
loss function modifies the traditional L? norm, introducing a parameter « that transforms
the loss function based on the training phase. The adaptive activation function varies the
activation across layers, and the adaptive sampling strategy allocates more points to regions
with higher local residual errors. Numerical experiments demonstrate that these techniques
significantly outperform conventional methods, achieving relative errors on the order of
O(10~*) for some 50-dimensional problems. The study provides a promising adaptive
approach to enhance DNN performance in computational physics and engineering.

2.2 Adaptive data resampling for PINN

The performance of PINNs heavily relies on the strategic selection of sampling points to
effectively train the network. The location or distribution of these points is crucial for accu-
rately approximating the solutions.

In most PINNS, the collection points for training (usually called residual points) are
specified at the beginning of training and not changed during the training process. Various
sampling methods can used in PINNs, such as uniform sampling, random sampling, Latin
hypercube sampling (LHS) (Stein 1987; Mckay et al. 2000), Halton sequence (Halton 1960;
Berblinger and Schlier 1991), Hammersley sequence (Wong et al. 1997), Sobel sequence
(Sobol’ 1967). To increase the accuracy of PINN, an alternative way is to select a new set
of residual points for training in every certain iteration (Lu et al. 2021b). Even different
sampling methods can be used at different times.

While fixed sampling strategies are widely used due to their simplicity, they may not
always be the most efficient or accurate method, especially for problems with complex
geometries or solutions that exhibit sharp gradients. More recently, adaptive sampling strat-
egies have been developed to dynamically adjust the distribution of sampling points based
on the current state of the network’s training. These adaptive methods have shown signifi-
cant improvements in the accuracy of PINNs with fewer residual points. Lu et al. (2021b)
proposed the first adaptive sampling for PINNs, the residual-based adaptive refinement
(RAR) method, which adds new residual points in the locations with large PDE residu-
als. In Nabian et al. (2021), an importance sampling approach to enhance the training effi-
ciency of PINNS is introduced. By sampling collocation points according to a distribution
proportional to the loss function, the method accelerates convergence and improves train-
ing effectiveness. The technique is straightforward to implement, does not introduce new
hyperparameters, and is demonstrated through numerical examples to significantly enhance
computational efficiency. Wu et al. (2023) provides a comprehensive study of sampling
strategies for PINNs, examining both non-adaptive and adaptive resampling methods. It
proposed two new adaptive nonuniform sampling techniques: residual-based adaptive dis-
tribution (RAD) and residual-based adaptive refinement with distribution (RAR-D). These
methods dynamically adjust the distribution of residual points according to a designed prob-
ability density function (PDF) to enhance the training efficiency and accuracy of PINNs. In
Daw et al. (2023), a novel Retain-Resample-Release (R3) sampling algorithm is proposed to
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address the issue of propagation failures in PINNSs. It hypothesizes that successful training
of PINNs depends on the effective propagation of solutions from initial/boundary condi-
tions to interior points. Propagation failures, characterized by imbalanced PDE residual
fields, can cause PINNs to converge to trivial solutions. The R3 algorithm incrementally
accumulates collocation points in regions of high PDE residuals, mitigating these failures
with minimal computational overhead.

Furthermore, Tang et al. (2023) proposed DAS-PINNs, which use deep generative mod-
els to dynamically refine the training set by generating new collocation points. Specifically,
the method treats the residual as a probability density function and uses a generative model,
termed KRnet, to sample points consistent with this distribution—-more samples are placed
in regions of higher residual. Yang et al. (2023) proposed dynamic mesh-based importance
sampling (DMIS) to address the computational inefficiency and unstable convergence issues
inherent in PINN training. DMIS integrates importance sampling into the training pro-
cess by constructing a dynamic triangular mesh that efficiently estimates sample weights.
Evaluations on three benchmarks—Schrodinger Equation, Viscous Burgers’ Equation, and
Korteweg-de Vries Equation—demonstrate DMIS’s superior performance in improving con-
vergence speed and accuracy. In Jiao et al. (2024), a Gaussian Mixture Distribution-based
Adaptive Sampling (GAS) method is proposed for PINNs. Inspired by incremental learn-
ing, the authors propose a risk min—max framework that dynamically refines the sampling
of collocation points. GAS uses the current residual information to generate a Gaussian
mixture distribution for sampling additional points, accelerating convergence and improv-
ing accuracy. Lau et al. (2024) introduced PINNACLE (PINN Adaptive Collocation and
Experimental Points Selection), an algorithm designed to optimize the selection of all types
of training points for PINNs. Unlike previous approaches that focus solely on collocation
or experimental points, PINNACLE jointly optimizes the selection of both, adjusting the
proportion of collocation point types as training progresses. Tang et al. (2024) proposed
Adversarial Adaptive Sampling (AAS), a novel method that integrates PINNs with optimal
transport theory. AAS employs a deep generative model to adjust the distribution of random
samples in the training set, ensuring the residual induced by the neural network maintains a
smooth profile. By embedding the Wasserstein distance between the residual-induced distri-
bution and a uniform distribution into the loss function, AAS minimizes the statistical errors
introduced by random samples. All these methods enhance the efficiency of network train-
ing, thereby significantly enhancing the performance of PINNs in various PDE problems.

Inspired by the above research, we have proposed an enhanced hybrid adaptive PINN
(Luo et al. 2025). It employs a hybrid adaptive (HA) sampling method which ensures ran-
domness in sampling points while also giving due consideration to points with large PDE
residuals during the training procedure. Two distinct resampling strategies are incorporated
in HA method during training. Some examples are present in Table 3 and Fig. 10, which
have demonstrated our proposed method outperforms state-of-the-art resampling methods.

2.3 Loss function and optimization for PINN

In PINNS, loss functions play pivotal roles in model training and performance. The loss
function impacts convergence and the network’s ability to learn effectively.
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2.3.1 Loss reweighting

In PINNSs, the PDE loss, initial and boundary condition losses are typically added together
and optimized directly. However, the scale and convergence speed of different loss terms
might be different. The imbalances among these losses can lead to deteriorated perfor-
mance. To mitigate these issues, various loss reweighting methods have been proposed,
which adaptively adjust the relative importance of different components in the loss function.

Wang et al. (2021c) examine gradient flow pathologies in PINNs and propose solutions
to enhance their predictive accuracy. It introduces a learning rate annealing algorithm that
leverages gradient statistics to balance the composite loss functions and proposes a novel
neural network architecture more resilient to gradient issues. These developments improve
the accuracy of PINNs by factors of 50—100 times across a range of computational phys-
ics problems. It provides new insights into training constrained neural networks and offers
practical methods to mitigate gradient flow pathologies. Wang et al. (2022a) investigates
the training dynamics of PINNs using the Neural Tangent Kernel (NTK) framework. It
derives the NTK for PINNs and proves that, under certain conditions, it converges to a
deterministic kernel that remains constant during training in the infinite-width limit. This
allows the analysis of PINN training dynamics through the lens of NTK, revealing dis-
crepancies in the convergence rates of different loss components. To address these issues,
it proposes a novel gradient descent algorithm that utilizes the eigenvalues of the NTK to
balance the training process, thereby improving the stability and effectiveness of PINNSs. In
Xiang et al. (2022), a self-adaptive loss balanced PINNs (IbPINNs) is proposed, which uses
a self-adaptive mechanism that dynamically adjusts the weights of the different loss terms
during training. This is achieved through probabilistic modeling and maximum likelihood
estimation. It establishes a Gaussian probabilistic model with output u. The Gaussian likeli-
hood is defined as Gaussian with mean given by the approximation of PINNs 4(x, t; #) and
the uncertainty parameter €,

p(uli(z,t;0)) = N (a(z, t;0),3) (1)

The uncertainty parameters are adjusted using maximum likelihood inference. To achieve
this, the negative log-likelihood of the model is minimized,

—logp(uli(x,1;0)) o gl |u —a(@,1:0)[” +logeq
22)
= %Ldam(e) +logeg.

Furthermore, assume that the output of our Gaussian probability model includes two vectors
u, g, each following a Gaussian distribution,

p(u, gli(z, t;0))= p(uli(z, t;0)) - p(gli(z, t;0))

= N, t:0),3) - N (a(x. :6),3). (23)

Therefore, it establishes the multi-output model with four vectors to define the complex loss
function. The loss function of IbPINNs can be formulated as,
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where € = {€¢, €, €;, €4} describes the adaptive weights of loss terms. w = {wy, wp, w;, wa},
W= ﬁ describes the total weights of loss terms. Although IbPINNs have made progress
in designing fast and accurate scientific machine learning techniques, some problems need
to be resolved, such as (1) It is a common phenomenon that the adaptive weight of PDE loss
decreases slowly in the above experiment. Therefore, we would conduct a theoretical analy-
sis of this phenomenon in order to improve the robustness and scalability of the method. (2)
It is worth exploring whether this probabilistic model is the most appropriate one, and under
certain assumptions, it is possible to establish a unified framework with several other loss
balancing algorithms. Moreover, different weights for each loss term can be even adjusted
at each training point. For example, Gu et al. (2021) proposes SelectNet, a novel self-paced
learning framework designed to improve the convergence of PINNs. By incorporating a
selection network that adaptively weights training samples, SelectNet prioritizes easier
samples in the early stages of training and gradually incorporates more challenging ones.
Further, McClenny and Braga-Neto (2023) introduces self-adaptive PINNs (SA-PINNs),
which employ fully trainable adaptation weights that apply individual attention to each
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training point, enabling the network to autonomously identify and focus on challenging
regions of the solution. The adaptive weights create a soft attention mask, increasing as the
corresponding losses increase. It also demonstrates how to construct a continuous map of
adaptive weights using Gaussian process regression, facilitating the use of stochastic gradi-
ent descent in scenarios where conventional gradient descent is insufficient. Experiments
show that SA-PINNs improve the accuracy and robustness of PDE solutions. Song et al.
(2024) introduces a novel architecture named loss-attentional PINN (LA-PINN) to tackle
the issue that the vanilla PINN suffers from slow convergence speed and poor accuracy at
hard-to-fit regions. This architecture pays attention to the control of loss error at each train-
ing point by allocating every independent loss component with a loss-attentional net (LAN).
Proceeding by feeding point squared error (SE) into LAN, the “attentional function” could
be built to accomplish the task of distributing different weights to diverse point errors. The
LA-PINN architecture employs a point error-based weighting method that utilizes adver-
sarial training between the main network and the LANs. The main network, responsible
for predicting the solution, minimizes the loss through gradient descent, while the LANs
adjust the weights of the SEs through gradient ascent. This mechanism ensures that more
attention is given to hard-to-fit points by increasing the growth rates of both the weights and
the update gradients for the SEs at these points. Through this dynamic weighting approach,
LA-PINN demonstrates superior predictive performance and faster convergence compared
to vanilla PINNs and other state-of-the-art methods. Numerical experiments confirm the
efficacy of LA-PINN in advancing the convergence of hard-to-fit points and achieving high
accuracy in solving PDEs.

2.3.2 Novel loss functions

In addition to the loss reweighting methods discussed above, numerous variant loss func-
tions have been also developed.

Regularization is an important technique for enhancing the training and generalization
capabilities of machine learning models. Some research has proposed various regulariza-
tion methods for PINN loss functions. Yu et al. (2022) proposes gradient-enhanced PINNs
(gPINNs), which integrate gradient information into the neural network’s loss function,
enhancing the model’s performance. In traditional PINNs, the primary goal is to constrain
the PDE residual f to zero, ensuring that at each point «, f(x) = 0. However, since the
residual f(a) is zero at any point &, it can be inferred that its derivative should also be zero.
Thus, gPINNs assume that the exact solution of the PDE is sufficiently smooth so that the
gradient of the PDE residual V f () exists and propose enhancing PINNs by enforcing that
the derivatives of the PDE residual are also zero. Then the loss function of gPINNs is given

by,

d
L':wfﬁf + wp Ly + w; L; +Zw9i£gi (9,7—9)7 (25)

i
i=1

where
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2

Lo (6:T) = ; B, %), @7

Ly, (0;T5,) L ga‘i 2, (28)
e,

Li(0,X7T) m);m x) — u(x)|?, 29)

where wy, wy, w; and wy are the weights. The advantages of gPINNs include improved
accuracy, efficiency, and better generalization to regions without training points. They often
require fewer training points to achieve similar or better accuracy than traditional PINNS,
making them more computationally efficient. By leveraging gradient information, gPINNs
generalize better, resulting in more robust solutions. When combined with RAR, gPINNs
perform exceptionally well, particularly for PDEs with solutions that have steep gradients.
This makes gPINNs a powerful tool for solving both forward and inverse PDE problems in
various fields, such as optics, fluid mechanics, systems biology, and biomedicine. Overall,
gPINNSs represent a significant advancement in the application of deep learning to PDEs,
offering enhanced performance and efficiency. In Wang et al. (2024a), a practical PINN
framework is specifically designed to address multi-scale problems with multi-magnitude
loss terms. The proposed method enhances the conventional PINN approach by implement-
ing a grouping regularization strategy, which normalizes the scale of different loss compo-
nents. This ensures that each term contributes equally to the overall loss function, thereby
improving the network’s ability to capture both macroscopic and microscopic features of
the solution. Additionally, the framework incorporates specialized neural network architec-
tures, such as Fourier feature networks, to further enhance accuracy and efficiency. Through
numerical experiments, it demonstrates that this improved PINN framework significantly
outperforms standard PINNs in solving multi-scale PDEs, making it a valuable tool for
applications in complex, multi-scale phenomena.

Moreover, Wang et al. (2022b) challenges the conventional use of L? loss in training
PINNs for solving PDEs. It scrutinizes the relationship between the loss function and the
accuracy of the learned solution, introducing the concept of stability from PDE theory to
analyze the asymptotic behavior of solutions as the loss approaches zero. Focusing on the
Hamilton—Jacobi-Bellman (HJB) equations, pivotal in optimal control, the study reveals
that for general LP loss functions, stability is achieved only with sufficiently large p. This
finding suggests that the ubiquitous L2 loss may be suboptimal for HIB equations, advocat-
ing for the use of L loss. The paper presents a novel PINN training algorithm that employs
a min-max optimization strategy akin to adversarial training to minimize the L*° loss, dem-
onstrating improved solution accuracy through empirical experiments. The research pro-
vides critical insights into loss function design for PINNS, particularly for high-dimensional
nonlinear PDEs. Wang et al. (2024d) investigates the impact of different loss functions on
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the training of PINNS. It categorizes loss functions into two types: observation data loss,
which directly constrains and measures the model output, and model loss, which includes
information from governing equations and variational forms, influencing the network’s per-
formance indirectly. It uncovers a stable “loss-jump” phenomenon: when transitioning from
data loss to model loss, which encompasses derivative information of varying orders, the
neural network solution experiences a significant deviation from the exact solution. Further
experiments reveal that this phenomenon arises from the different frequency preferences of
neural networks under various loss functions. Theoretical analysis elucidates the frequency
preference under model loss, providing insights into the underlying mechanisms of PINNs
in solving PDEs. This work offers a valuable perspective for optimizing the training process
and enhancing the accuracy of PINNs.

2.4 Feature embedding and augmentation

Feature embedding is widely utilized across various domains of machine learning, such as
Natural Language Processing (NLP) (Patil et al. 2023), Computer Vision (CV) (Kan et al.
2019), and Recommendation Systems (Zhang et al. 2016). The feature (or variable) of inter-
est is mapped into a a vector space, where relationships and patterns can be more easily dis-
cerned by algorithms. NeRF (Mildenhall et al. 2020) is a typical example, spatial encoding
efficiently represents and processes information regarding the positions of input points. This
encoding integrates the spatial position of each input point with additional pertinent details
like color and radiation levels, enhancing the quality of image reconstruction and rendering.
NeRF employs sine and cosine functions to encode coordinates in three-dimensional space
as follows,

Y(z,y,2) = (ax7y,z7 sin(2°, ), sin(2°, ), sin(2°, 2), cos(2°, ), cos(2°, 1), cos(2°, 2),
sin(2', 2),sin(2', y), sin(2}, 2), cos(2}, x), cos(2', y), cos (2!, 2), ..., (30)

sin(2"71, 2),sin (2771, ), sin(2"7 1, 2), cos (2771, x), cos (271, y), cos(2" 7L, z))

Similarly, Tancik et al. (2020) proves that Fourier feature mapping can effectively mitigate
the spectral bias of coordinate-based MLPs towards low frequencies, based on the Neural
Tangent Kernel (NTK) theory (Jacot et al. 2018). A randomly selected Fourier feature map-
ping with a suitable scale is employed,

v(v) = (a1 cos(2mbTv), ar sin(27bTv), ..., @, cos(27bL V), am sin(27rb£1v))T . (3D

Experiments demonstrate that this approach improves the performance of coordinate-based
MLPs across various low-dimensional tasks in computer vision and graphics (Fig. 11).
Inspired by the above works, numerous novel PINNs incorporating feature embedding
have been proposed to improve the performance. A fundamental weakness of PINNSs is
spectral bias (Rahaman et al. 2019), a recognized challenge in fully-connected neural net-
works that restricts their capacity to effectively learn high-frequency functions. In Wang
et al. (2021a), a new PINN architecture is introduced that utilizes such spatio-temporal
and multi-scale random Fourier features. It elucidates how these coordinate embedding

@ Springer



Physics-informed neural networks for PDE problems: a comprehensive... Page 29 of 43 323

Dimension-augmented neural network

Fig. 11 The framework of dimension-augmented PINN (DaPINN) (Guan et al. 2023)

layers enhance the robustness and accuracy of PINN models, effectively addressing high-
frequency and multi-scale challenges. The similar Fourier feature mapping method is also
utilized in Li et al. (2024a, c). Peng et al. (2020) proposed a Prior Dictionary PINN (PD-
PINN) equipped with task-dependent dictionaries. The PD-PINN demonstrates enhanced
representational power in tasks by effectively capturing features from dictionaries, thereby
achieving faster convergence during training. Additionally, Wong et al. (2024) proposed the
sf-PINN, where the sinusoidal mapping of inputs is utilized. This approach can effectively
increase input gradient variability, thereby avoiding trapping in deceptive local minima. The
model accuracy can be improved by a few orders of magnitudes with sf-PINN.

Moreover, some augmentation techniques are commonly employed in some CV tasks
(Perez and Wang 2017), including spatial transformations (flip, rotate, crop, etc.), noise
injection, color transformations, and others. Similarly, more features can be inserted into
the input vector of PINN to improve the model’s capability. We have proposed a dimension-
augmented PINN (DaPINN) (Guan et al. 2023) that systematically manipulates the input
dimensionality of the network. The performance of DaPINN have been evaluated in various
forward and inverse PDEs, including Poisson equation, Heat equation, Diffusion problems,
Burgers equation, and so on. The DaPINN model enhances the solution accuracy through
replica augmentation, power series augmentation, and Fourier series augmentation. For
example, consider the following 1D Poisson equation,

3
—Au = Z ksin (kx) + 7sin (7x) 4+ 8sin (8z), x € [0, 7], (32)
k=1

with the Dirichlet boundary conditions « (x = 0) = 0 and u (z = 7) = 7. Figure 12 shows
the performance of our proposed DaPINN for 1D Poisson equation and comparison with
PINN. Another example for Burgers equation result is shown in Fig. 13.
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Fig. 12 The performance of DaPINN (Guan et al. 2023) for 1D Poisson equation

The DaPINN models outperform the PINN by expanding the network input dimension,
which allows the neural network to extract more informative features.

3 Applications

Recent advancements in the field have demonstrated the effectiveness of PINNs across
a broad spectrum of applications. It marks a significant leap forward in the intersection
of machine learning and computational physics. Below, we will discuss several key areas

where PINNs are making an impact.

3.1 Fluid dynamics

PINNs have emerged as a pivotal technique in fluid mechanics, offering a novel approach to
solving the Navier—Stokes equations (NSE) that govern fluid motion (Cai et al. 2021; Mao
et al. 2020). The integration of physics and data is particularly powerful for addressing com-
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Fig. 13 The performance of DaPINN (Guan et al. 2023) for Burgers equation

plex, high-dimensional fluid flow problems, where traditional computational fluid dynamics
(CFD) methods may struggle with the incorporation of noisy data or the requirement for
efficient handling of inverse problems.

PINNs have been successfully applied to model three-dimensional wake flows behind
bluff bodies, such as cylinders, where they can reconstruct the full velocity and pressure
fields from limited observational data. This capability is particularly valuable for diagnostic
purposes in complex flows where only partial measurements are available, such as in pla-
nar particle image velocimetry (PIV) experiments. Moreover, PINNs are instrumental in
simulating high-speed compressible flows, such as those involving shock waves. In these
scenarios, traditional CFD methods often rely on precise boundary conditions, which may
not be readily available in experimental settings. PINNs, however, can leverage available
data, such as density gradients and surface pressure measurements, to infer the complete

@ Springer



323 Page 320f43 K. Luo et al.

flow field. This approach has been shown to be effective even in the absence of full bound-
ary condition information, highlighting the flexibility of PINNs in addressing ill-posed
problems. The application of PINNs extends to biomedical fluid mechanics as well. For
example, in hemodynamics (Kissas et al. 2020), PINNs have been used to simulate blood
flow dynamics, estimate wall shear stresses, and predict pulse wave propagation in patient-
specific arterial networks.

3.2 Solid mechanics

In solid mechanics, PINNs have been effectively applied to model linear elasticity, elasto-
plasticity, hyperelasticity, and fracture mechanics. PINNs can handle forward problems,
predicting material responses given inputs. For example, Rao et al. (2021) solved the linear
elastic dynamics problem by using PINNs strong form algorithm. PINNs exhibit superior
accuracy and efficiency compared to Finite difference methods (FDM) and Finite element
methods (FEM) when addressing highly non-uniform forward problems (Guo et al. 2022).
The inverse problems of solid mechanics can also be solved, which mainly includes the
constitutive equation (Haghighat et al. 2021b) and geometric topology (Zhang et al. 2022a).

The potential of PINNs in solid mechanics is vast, promising to enhance our understand-
ing and prediction of material behavior, leading to innovative solutions in structural design
and material science.

3.3 Electromagnetics and optics

PINNs have been extended to solve problems in optics and electromagnetics, such as the
3-D Helmbholtz equation and quasi-linear PDE operators. They have proven effective for
inverse problems in these domains, which can be particularly challenging due to the intri-
cate nature of electromagnetic fields (Fang and Zhan 2020). Chen et al. (2020a) utilizes
PINNs to solve inverse scattering problems in photonic metamaterials and nano-optics
technologies. The mesh-free PINNs have been applied to the difficult task of retrieving the
effective permittivity parameters of many finite-size scattering systems that involve many
interacting nanostructures as well as multi-component nanoparticles.

PINNS s represent a transformative approach to tackling complex problems across various
fields, such as fluid dynamics, solid mechanics, electromagnetics and optics. Their versatil-
ity and efficiency continue to drive research and applications, positioning them as a key
component of future computational modeling efforts.

4 Software

A number of open-source tools and libraries have been developed to facilitate the imple-
mentation of PINNs. These tools abstract much of the complexity involved in building
PINNs, making it easier for researchers and practitioners to apply this methodology to vari-
ous problems in science and engineering. This section provides an overview of some widely
used frameworks and libraries that are publicly available for implementing PINNs (Table 4).
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Table 4 Some open-source Framework names Backend
frameworks for PINN DeepXDE TensorFlow, PyTorch, JAX
IDRLnet PyTorch
NeuroDiffEq PyTorch
SciANN TensorFlow
TensorDiffEq Tensorflow

4.1 DeepXDE

DeepXDE (Lu et al. 2021b) is an open-source Python library specifically designed for solv-
ing differential equations using PINNs. It provides a high-level, easy-to-use interface for
defining, training, and solving both ODEs and PDEs by leveraging deep learning tech-
niques. The library integrates seamlessly with TensorFlow or PyTorch, and it allows users
to easily apply neural networks to complex, real-world physics-based problems.

4.2 IDRLnet

IDRLnet (Peng et al. 2021) is a Python toolbox for systematically modeling and solving
problems through PINN. It provides a structured way to integrate geometric objects, data
sources, artificial neural networks, loss metrics, and optimizers within Python.

4.3 NeuroDiffEq

NeuroDiffEq (Chen et al. 2020b; Liu et al. 2025) is an open-source Python library developed
for solving differential equations using neural networks, particularly within the PyTorch
framework. It leverages the power of artificial neural networks to approximate solutions for
both ordinary differential equations (ODEs) and partial differential equations (PDEs), sub-
ject to specified initial or boundary conditions. Designed for flexibility, the library enables
researchers and practitioners to address a wide range of user-defined problems. Further-
more, it facilitates the computation of solutions that are not only continuous but also differ-
entiable, offering a significant advantage over traditional numerical methods such as finite
difference and finite element methods.

4.4 SciANN

SciANN (Haghighat and Juanes 2021a) is a high-level neural network API designed specifi-
cally for scientific computing. It is built on top of Keras and TensorFlow, making it easy
for scientists to leverage deep learning for physics-informed modeling. SciANN allows
researchers to define inputs, outputs, and constraints, enabling the formulation of scientific
problems as deep learning tasks. The framework is particularly useful for solving PDEs and
simulating system dynamics, making it a valuable tool for scientists and engineers looking
to apply deep learning techniques to their research.
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4.5 TensorDiffEq

TensorDiffEq (McClenny et al. 2021) is a Python package constructed on top of Tensor-
Flow, designed to offer scalable and efficient solvers for PINNS. It is particularly focused on
the scalable solving of PINNs for both inference and discovery of inverse problems. What
distinguishes TensorDiffEq is its full support for Self-Adaptive PINN solvers and its status
as the only fully open-source multi-GPU PINN solution suite.

5 Challenges and outlooks

PINNs have proven to be a versatile tool across various scientific and engineering disci-
plines, offering a robust and flexible approach to solving complex PDEs where traditional
methods may struggle. Despite their successes, ongoing research continues to address theo-
retical issues and practical limitations, aiming to enhance the scalability, interpretability,
and reliability of PINNs. In the following section, we highlight the key challenges associ-
ated with PINNs and propose potential directions for future research.

5.1 Challenges for PINN

PINN’s ability to address problems in various domains such as fluid dynamics, materials
science, and biomechanics has demonstrated the potential of this method to bridge the gap
between data-driven models and traditional numerical simulations. However, despite their
impressive capabilities, PINNSs still face several limitations and challenges that hinder their
widespread adoption. PINN consists of three key elements: (1) the neural networks that
approximate the underlying function, (2) the physics-informed loss functions that integrate
physical laws, and (3) the optimization methods used to train the model. These elements
enable PINNS to effectively embed physical constraints into the learning process. However,
the complexity of managing these components in practice often leads to issues such as slow
convergence, sensitivity to hyperparameters, and difficulty in scaling to high-dimensional
or multi-physics problems.

In order to improve the current convergence accuracy of the PINNs, which is around
1073, rigorous analysis is needed to evaluate PINN’s learning abilities, focusing on aspects
like generalization, robustness, and the limitations imposed by the complexity of the physi-
cal systems. Some studies offer theoretical insights into PINNs (Krishnapriyan et al. 2021;
Wang et al. 2022a; Hu et al. 2022), but there’s still a need for deeper research on this subject.
For instance, Krishnapriyan et al. (2021) identifies a critical “gradient pathologies” issue
that arises due to numerical stiffness, leading to imbalanced gradients during backpropaga-
tion. This imbalance impedes the network’s ability to accurately satisfy both the PDE con-
straints and boundary conditions, often resulting in suboptimal solutions.

One of the key issues for PINN is the difficulty in capturing fast-varying or high-fre-
quency solutions. Traditional optimization algorithms, such as Adam or L-BFGS, may
struggle to converge efficiently in these scenarios, leading to poor performance or slow
training. Additionally, multi-physics problems, where different physical processes interact,
introduce an extra layer of complexity that current optimization techniques may not handle
well. To address these challenges, the development of new optimization algorithms tailored
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for PINNs is essential. These algorithms should enhance the robustness and efficiency of
the training process by adapting to the specific nature of the problem. Potential approaches
include designing more sophisticated loss functions, incorporating hierarchical models, or
leveraging advanced optimization strategies. These advancements are crucial to improve the
scalability, accuracy, and reliability of PINNs, making them more applicable to real-world
problems involving high-frequency dynamics and multi-physics interactions.

Another challenge is the inability of current PINNs to handle noisy or incomplete data
efficiently. While PINNs integrate physical laws into the learning process, they are still
vulnerable to errors and inconsistencies in the training data, which can impact the accuracy
of predictions. Furthermore, for multi-scale and multi-physics problems, the scalability of
PINNSs remains a challenge, as the interaction of different physical models often results in
increased model complexity.

Additionally, the development of valuable experimental datasets, along with the corre-
sponding physical models and parameters, is still needed. High-quality datasets are essential
for training robust and accurate PINN models, but the lack of accessible, detailed experi-
mental data in many scientific and engineering domains limits the potential for real-world
applications. Furthermore, the need for accurate and computationally efficient physical
models and parameters that can be integrated into PINNs poses another significant hurdle.

5.2 Operator learning

While PINNs have shown remarkable success in solving complex physical problems by
incorporating physical laws into the learning process, several challenges remain that hinder
their full potential. One of the key limitations of PINNs is their reliance on the manual for-
mulation of physical constraints, which can become cumbersome and challenging for prob-
lems with complex or unknown physics. Furthermore, the performance of PINNs is highly
sensitive to the choice of neural network architecture, training strategies, and the handling
of boundary conditions, which often require substantial tuning.

In recent years, there has been a shift toward deep operator learning, a promising para-
digm that extends PINNs by focusing on learning the underlying operators governing phys-
ical systems directly. Unlike traditional PINNs, which rely on solving specific PDEs or
system dynamics using neural networks, operator learning (Lu et al. 2021a; Wang et al.
2021b) aims to learn mappings between input and output functions (such as solutions to
PDEs), thus enabling more generalizable models that can be applied to a wide range of
physical problems without requiring explicit physics-based constraints. The transition from
PINNSs to deep operator learning presents several exciting avenues for future research. First,
the development of more robust training algorithms capable of learning high-dimensional
operator mappings efficiently will be critical. These models should be designed to handle
the complexities of multi-scale, multi-physics problems, which are often encountered in
real-world applications. Additionally, there is a need for further research into the integration
of data-driven and physics-based models in operator learning, particularly in cases where
the available data is sparse or noisy. Future studies should also explore the interpretability
and explainability of operator learning models to ensure their deployment in safety-critical
engineering fields.

In summary, while PINNs have laid the groundwork for physics-informed learning, the
transition toward deep operator learning offers exciting new possibilities for generalizing
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the framework to broader classes of problems. Continued research in this direction will
be essential to unlocking the full potential of neural networks in scientific computing and
engineering applications.

6 Conclusion

In conclusion, PINNs have emerged as a powerful tool for solving PDEs by embedding
physical laws directly into the loss function of a neural network, thereby bridging the gap
between traditional numerical methods and modern machine learning techniques.

This review paper provides a comprehensive examination of the advancements and appli-
cations of PINNs across a broad spectrum of scientific and engineering domains. Diverse
innovative PINNs from different perspectives have been highlighted, including their archi-
tecture, adaptive resampling, loss and activation functions, feature embedding, and large
models. Despite the successes of PINNSs, the review also acknowledges ongoing challenges,
such as the need for larger batch sizes, sophisticated training procedures, and the handling
of high-dimensional and non-linear problems. Future research aims to address these issues,
focusing on enhancing the scalability, interpretability, and reliability of PINNs.

PINNS s represent a transformative technology at the intersection of machine learning and
computational science. By embedding physical knowledge directly into machine learning
models, they offer a powerful toolset for solving complex PDEs across multiple disciplines.
As research progresses, it is anticipated that PINNs will continue to evolve, addressing
existing limitations and expanding their applicability to new domains, thus contributing to
the advancement of scientific discovery and engineering practice.
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